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A B S T R A C T 
I n t h i s t h e s i s some s o l u t i o n s to c l a s s i c a l 
E u c l i d e a n Yang-Mills theory are considered and presented 
with emphasis on s e l f - d u a l SU(2) s o l u t i o n s . Chapter one 
i s a b r i e f i n t r o d u c t i o n to the s u b j e c t . I n chapter two 
the p o s s i b i l i t y of s o l u t i o n v i a i n v e r s i o n of the dynamic 
equation t c obtain Ap i n terras o£ 3^,v and then imposing 
a s e l f - c o n s i s t e n c y requirement i s considered. Chapter 
three d e a l s with the extension of Witten's method of 
s o l u t i o n through c y l i n d r i c a l l y symmetric ansatze to s e l f -
dual SU(3) t h e o r i e s . I n Chapter four the i n v a r i a n c e s and 
Backlund-type transformations inherent i n a s e l f - d u a l 
SU(n) theory are i n v e s t i g a t e d and these methods are used 
i n Chapter f i v e to present an a n a l y t i c method f o r con-
s t r u c t i n g a l l s e l f - d u a l SU(2) s o l u t i o n s . 
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INTRODUCTION 
Since Yang and M i l l s (1) and, independently, 
Shaw (2) discovered the b a s i c equations and group i n -
variance p r o p e r t i e s of the s e t of t h e o r i e s that bear 
the names of the former i t has been the hope of t h e o r i s t s 
that they would shed some l i g h t a t l e a s t on the problem 
of giving, a bound t h e o r e t i c a l model for the strong and 
weak i n t e r a c t i o n s and more hopefully on the problem of 
u n i f y i n g the forces experimentally observed i n nature and 
give i n s i g h t i n t o the q u a n t i z a t i o n of g r a v i t y . With 
the r e a l i z a t i o n that mathematical p h y s i c i s t s had, i n con-
s i d e r i n g "Yang-Mills' Theories", been studying o b j e c t s a l -
ready known to pure mathematicians under the name of 
(in 
f i b r e bundles and that g r a v i t y and electromagnetism 
were indeed both t h e o r i e s best described by f i b r e bundle 
language, though coming from d i f f e r e n t Lagrangians, these 
b e l i e f s r e c e i v e d both encouragement and a s s i s t a n c e from 
what had been discovered by pure mathematical methods. 
Thus given a gauge p o t e n t i a l kp. t a k i n g values 
i n some L i e algebra with i t s equivalent f i e l d tensor 
(1.1) 
with i t s dual 
1 <MV cr-C p (1.2) 
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s a t i s f y i n g the a l g e b r a i c i d e n t i t y 
D ' " ^ - t ^ . ^ v l = O (1.3) 
i t i s hoped that 
f o r some current j v d e s c r i b e s the strong and weak i n t e r -
act? ons i n the sense that the came equations with the 
L i e algebra being u ( l ) describe electromagnetism. 
The path i n t e g r a l method of q u a n t i z a t i o n has 
always r e l i e d on a Wick r o t a t i o n of the time a x i s so 
p o i n t i n g out the p o s s i b l e importance of c l a s s i c a l , 
E u c l i d e a n s o l u t i o n s to any theory of p h y s i c a l i n t e r e s t . 
I n E u c l i d e a n space-time the eigenvalues of the d u a l i t y 
operator are +1 so f o r a s o u r c e l e s s theory i t makes sense 
to consider the simpler equation of s e l f - d u a l i t y , namely 
as the a l g e b r a i c i d e n t i t y (1.3) then guarantees the t r u t h 
of (1.4) with j v = 0. 
Moreover such s o l u t i o n s are most probably the 
most important i n t h i s s e c t o r as i t i s known t h a t they 
minimise the a c t i o n i n t e g r a l thus being the dominant 
c o n t r i b u t i o n to the path i n t e g r a l . • 
Recently the works of Yang^-^ and A t i y a h and 
Ward^^ have shown that the s e l f - d u a l i t y equations i n 
the c o r r e c t coordinate systems take on e s s e n t i a l l y simple 
_ n _ 
forms which can i n p r i n c i p l e be solved. T h i s i s due 
to the f a c t t h a t i f we complexify the space-time mani-
f o l d coordinates can be defined such that the planes 
defined by pairs of these new coordinates are a n t i s e l f -
dual i . e . i f y and z are two such coordinates the two 
form dyyydz i s a n t i s e l f - d u a l . An example of sunn nn-
ordinates i s 
y = — 2 — y = " _ " (1.6) 
(xg - i x i ) _ ( x 2 + z = z = 
Now i f F^v i s s e l f - d u a l i t fol l o w s t h a t i t s components 
pojected down onto such planes are zero i . e . 
Fyz = Fyz" = 0 (1.7) 
and hence i n these planes one can i n t e g r a t e the p o t e n t i a l 
along paths i n the plane to give, a group element independ-
ant of the path chosen, or i n other words the p o t e n t i a l s 
may be w r i t t e n a s 
Ay = D"1 *D Az = D"1 3D 5y <Tz 
(1.8) 
Ay = E"1 3E AZ ' = E - 1 ^ E 
9y SI 
f o r some D and E belonging to the (complexified) L i e 
group and there only remains one equation to be solved 
which i s e a s i l y checked t o be 
_ 5 -
Fyy + Fzz = 0 (1.9) 
More g e n e r a l l y A t i y a h and Ward define a |S 
- plane to be a plane such that i f and w^  a r e any 
two displacements i n t h a t plane then the tensor 
Y**wv ~ "^v^ ^ s a n t i s e l f - d u a l . As displacements i n such 
planes are a n t i s e l f - d u a l i t f o l l o w s a s before t h a t the 
p r o j e c t i o n of a s e l f - d u a l F^v onto a l l such planes must 
be zero and hence t h a t t h e x i o t e n t i a l s i n t h a t plane must 
be gauge transforms of the vacuum. Using the t w i s t o r 
transformation of P e n r o s e A t i y a h and Ward^^ then 
f i n d a coordinate system f o r such/?-planes and reduce 
the remaining s e l f - d u a l i t y equation to the problem of 
c o n s t r u c t i n g an n-dimensional, a n a l y t i c vector bundle 
over CP-j, a problem whose s o l u t i o n has been discovered 
by a l g e b r a i c geometers f o r n = 2, enabling them i n 
p r i n c i p l e to give a l l SU(2) s e l f - d u a l s o l u t i o n s . We 
r e t u r n t o t h e i r ideas i n Chapter f i v e providing an 
a n a l y t i c way of producing these s o l u t i o n s . Before 
e x h i b i t i n g these r e s u l t s we examine v a r i o u s other p o s s i b l e 
ways of s o l v i n g both the s e l f - d u a l and f u l l equations of 
Yang-Mills' theory i n E u c l i d e a n space-time. 
I 
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AS DEFINED BY THE DYNAMICS EQUATION 
Before turning s p e c i f i c a l l y to the s e l f - d u a l 
problem we mention an approach to the s o l u t i o n of Yang-
(8) 
M i l l s t h e o r i e s v a l i d i n other cases which despite i t s 
complexity provides some i n s i g h t i n t o the problem of 
non-uniqueness of the gauge p o t e n t i a l s f o r c e r t a i n f i e l d 
(q) 
s t r e n g t h s X 7 ' and which may lead to a gauge-• i n v a r i a n t 
formulation of the theory f o r the path i n t e g r a l formal-
i s m . ^ 1 0 ^ The method i s a t i t s most powerful f o r SU(2) 
where i t shows that almost a l l s o l u t i o n s depend only on 
a symmetric, three by three matrix. 
The three standard equations f o r a Yang-Mills 
gauge theory are 




l?% ^ r ^ ^ ^ v (2.3) 
where, a s u s u a l , 
^ > v r < r x (2.4) 
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(The presence of a source term j . on the l e f t of 2.2 
introduces n o n - e s s e n t i a l complications to the following 
so we ignore t h a t p o s s i b i l i t y . ) The usual approach to 
the s o l u t i o n of these equations i s to assume 2.1 whence 
2.3 i s a t r i v i a l a l g e b r a i c i d e n t i t y and view 2.2 as the 
nri'n-trivial equation to be solved = We p r e f e r to r e v e r s e 
t h i s , viewing 2.2 and 2.3 as equations to be solved f o r 
A^ v, i n terms of F ^ v and then to impose 2.1 a s the non-
t r i v i a l equation. Such an approach i s , of course, only 
p o s s i b l e i n non-Abelian groups where the non-vanishing 
of the s t r u c t u r e constants g i v e s an e x p l i c i t mention of 
A* i n 2.2 and 2.3. r~ 
Now any rank two antisymmetric tensor may be 
s p l i t up i n t o a dual and a n t i s e l f - d u a l part using the 
fundamental dual and a n t i s e l f - d u a l t e n s o r s and 
of 't Hooft which are defined by t h e i r v a l ues i n the 
( X Q , X ^ , Xg, x^) coordinate system by 
l ^ v = * . V v - ^ S - o - S^o ^ (2.5) 
and whose p r o p e r t i e s are l i s t e d i n the appendix. Hence 




where R and S are (n - 1) x 3 ma t r i c e s . Using these 
decompositions 2.2 and 2.3 may he r e w r i t t e n as 
\ t- • Oct y 
i ^ ' l ^ v + t ^ c ^ s \ ^ v = ° (2.8b) 
I f e i t h e r of these, 2.8a say, can be solved f o r A^L then 
we need only to impose a s e l f - c o n s i s t e n c y condition v i a 
2.1, namely 
which w i l l then guarantee the v a l i d i t y of the other. 
Now form a 4x4 matrix r e p r e s e n t a t i o n 
of the imaginary quaternionic u n i t s e^ say, as may be 
seen from t h e i r l i s t e d p r o p e r t i e s i n the appendix, so 
/•attache i 
we may view T " J as a purely imaginary quaternionic 
matrix l y i n g i n the a d j o i n t r e p r e s e n t a t i o n of the group 
i n question. Hence the problem l i e s i n f i n d i n g a r i g h t 
i n v e r s e f o r t h i s matrix. 
L e t t h i s matrix be F^e^ where the F^ are r e a l , 
a d j o i n t r e p r e s e n t a t i o n matrices and l e t the inv e r s e be 
©t (Sv'€.,;,et. & r e a l . Then the probfem i s to f i n d <* and 
fil satisfying 
- 10 -
F'c* + £. S ^ P p k = O (2.10a) 
- 2. F-<3; = I (2.10b) 
e s t *• ' v 
F i r s t we note that f; - " and <*' = *., f o r 
l e t t i n g F = F ^ and A = oH-jS^e; we have that F i s 
hermitian a s F. i s antisymmetric, t h e r e f o r e A i s a l s o 
hermitian which i m p l i e s the sta t e d r e s u l t . 
Second i t i s c l e a r that s c a l i n g R by a con-
sta n t n w i l l not a f f e c t A^ i m p l i c i t l y defined by 2.8 
and hence w i l l leave the right-hand side of 2.9 un-
a f f e c t e d but s c a l e the left- h a n d side by n. Thus as 
n — » o we f i n d that F ^ v i s s e l f - d u a l , though whether 
t h i s procedure would produce a l l s e l f - d u a l s o l u t i o n s 
i s not c l e a r . 
The s o l u t i o n s of 2.10 are not known for 
general SU(n) but are known f o r SU(2) where R i s a three 
by three matrix. Then a s o l u t i o n e x i s t s and i s unique 
up to a gauge transformation i f and only i f det R ^ 0 
when 
t a ^ t ^ ^ M * ( 2- l l b ) 
s a t i s f y the given c o n d i t i o n s . Hence i f det R / 0 A^ i s 
unique up to a gauge transformation and i s given by 
- 11 -
- £«* i ^ - + £ s ( 2 - 1 2 > 
T 1 T 
where M = R R - f I trR R. A gauge transformation i s 
now R—*0R where 0 i s an S0(3) matrix, so M i s a gauge 
i n v a r i a n t o b j e c t . As any GL(3) matrix may be w r i t t e n 
as a product of an orthogonal matrix and a symmetric 
matrix we may choose a gauge where R i s symmetric i f 
wp wi.F?h-
Given 2.12 we now impose 2.1 and f i n d that 
-!+ I L »»C Sx* -W ? x v i 
+ ^Tf 2 * * ^ T ™ *"*"\ (2.13) 
Obviously the s o l u t i o n of the remaining equation 2.9 
- 12 -
f o r a general symmetric R i s not a simple problem ?indeed 
only one s o l u t i o n i s known: suppose R i s of the form 
fc = tfL±. (2.14) 
then i t i s e a s i l y seen that 
- -ni j . ^ (2.15) 
P - -
^ . $ J _ ? V - Z 3£ \ (2.16) 
and 2.9 becomes 
4 WlX-x 
(2.17) 
which has a s o l u t i o n 
4 = 2.a (2.18) 
2 2 2 ? ? where a i s an a r b i t r a r y constant and s = x + y + z + t , 
the inst a n t o n s o l u t i o n of B e l a v i n et a l . (11) 
2 
L e t t i n g R i . e . jS s c a l e by n, a constant, and 
t a k i n g the l i m i t a s n—•* 0 to get a s e l f - d u a l s o l u t i o n we 
f i n d t hat 2.17 becomes 
£» r J- (2.19) 
- 13 -
with the 't Hooft s o l u t i o n s (12) 
4 = ? (2.20) 
Even f o r what one would hope would be the next most 
simple case. npiTiply P diagonal, s o l u t i o n s are net known, 
f o r then c o n s t r a i n t s a r i s e from off-diagonal terms i n 




the equations to be solved are 
^ O (2.22) 
l ( 3 - e - ( n - i Z U - ^ U ( f ^ - 9 ) H ^ (2.23c) 
a set of equations which apart from e = f = g have remained 
- in -
unsolved. 
Why the equations are so much e a s i e r f o r the 
case when R i s a m u l t i p l e of the i d e n t i t y i s l i n k e d up 
with the f a c t that f o r R symmetric M may be r e w r i t t e n 
using the Cayley-Hamilton theorem which f o r a three by 
three matrix may be s t a t e d as 
and as R i s symmetric the l e f t - h a n d side i s M. Thus 
one would be tempted to t r y the two s i m p l i f i c a t i o n s 
R = t r R^I or t r R = 0. Unfortunately the l a t t e r i s 
not as powerful as the former leading to an expression 
f o r of 
which although simpler than the general expression does 
not s i m p l i f y 2.9 s u f f i c i e n t l y f o r a s o l u t i o n to be 
spotted. 
For SU(n) the condition f o r an i n v e r s e to 
the matrix F^e^ to e x i s t takes the form of the non-
v a n i s h i n g of a t r a c e of components of F ^ v but t h i s i n -
verse may no longer be unique. However as i t i s claimed, 
by a counting of parameters arguement, t h a t a l l s e l f -
dual SU(n) f i e l d s a r i s e from SU(2) imbeddings^ 1 3^ we 
s h a l l leave t h i s problem. 
- 15 -
Perhaps the most promising use of the above 
method i s t o be found f o l l o w i n g H a l p e r n ^ ^ who attempts 
to express a l l dynamic v a r i a b l e s i n the path i n t e g r a l 
formalism i n terms of such gauge i n v a r i a n t o b j e c t s a s 
the matrix M mentioned e a r l i e r thus bypassing the usual 
problems i n d e f i n i t i o n of a gauge and the r e a u i L i n g 
i n f i n i t i e s which complicate other procedures i n t h i s 
approach. 
f 
C H A P T E R T H R E E 
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SELF-DUAL SU(3) THEORIES 
We now t u r n to the case of SU(3)» adopting a 
procedure due to Witten, ' to s i m p l i f y the s e l f - d u a l i t y -
equations somewhat. We w r i t e an ansatz f o r A^ having 
what Witten c a l l s c y l i n d r i c a l symmetry, t h a t i s any 
r o t a t i o n of the space coordinates can "be compensated 
11 u i ' L ) y a g ' & U g c l i i ' a f i B X UL'iii'a 0 J . O i l g r i J . u i i U U g i L o l i c L ' c S U - L o x f i g 
equations t u r n out to "be i n general i n t r a c t a b l e they can 
be solved f o r a s p e c i a l case which a t f i r s t s i g h t would 
seem to be an embedding of the SU(2) s o l u t i o n of (14) 
i n t o SU(3)» However there i s an e x t r a degree of freedom 
which r e s u l t s i n an i n f i n i t y of gauge in e q u i v a l e n t s o l u -
t i o n s l a b e l l e d by s ? 0 with s = 1 being the embedding 
of SU(2) into SU(3). 
To c o n s t r u c t the ansatz we need to construct 
skew-hermitian, t r a c e l e s s , three by three m a t r i c e s thus 
l y i n g i n s u ( 3 ) out.of the r o t a t i o n a l i n v a r i a n t s x . /r, 
2 2 2 2 (~L ^  S- . and E-Ah., where r = x n + x 0 + x - . These are v D 1 J l j K A. C J 
c r 1- > J r 
3 k ~ — « 2t - * v M x _ * - * j \ a * 3 
r ^ r 3 J 
- 18 -
X I - c f x*x J + £; k 4 { (3-D 
( S . . k i s not included as £. . k = * ( T ^ k + + T / j j ) ) 
J 
For i n s t a n c e p u t t i n g A, = - A y - J^, A 2 ~ J ^ 
where are the Gellman r e p r e s e n t a t i o n of su(3) we f i n d 
T ^ C - I T ^ r ^ f . T - 7 ^ (3.2) 
By m u l t i p l y i n g these with f u n c t i o n s depending only on 
r and t = Xq we can w r i t e down our c y l i n d r i c a l l y symmetric 
ansatz 
A e = - ^ o T , - A , ^ (3.3D) 
where k = 1, 2, 3 and 9^, k^, ^ are r e a l f u n c t i o n s 
of r and t . 9 i = ^ = 0 g i v e s Witten's su(2) ansatz 
v i a 3-2. 
T h i s expression f o r A^leads to a r e i n t e r p r e -
t a t i o n of the theory as a U ( l ) x U ( l ) gauge theory with 
- 19 -
a matrix of Higg's f i e l d s f o r i f we define 
95 ^ 
[V. 4. 1 r o 
with a gauge a c t i o n 
(3 .4) 
o a 6 (3 .5) 
so t h a t 
9 e ? 3 b 3,=3 r ^ , - - ^10. - 1 
we f i n d t h a t 
+ i h - t o ^ t o : j i ! f 3 + i u ( i - b - s " f V ) t (3-7) 
where F / f c VA 0 k= F ^ v and the Lagrangian i s indeed i n v a r i a n t 
/ s * 
under 3.5* F u r t h e r with = P r t we have 
(3.8) 
- 20 -
The s e l f - d u a l i t y equations F Qi = ^ ^ i j k j k a r e f o u n d 
to be 
r l C ? e ^ - 3 , & o ) " *><We^ (3.9a) 
r^-OoA.-J.A.) - 1 - w f t (3.9b) 
L D . - ^ v - E ^ O / o H - , I . u ( 3 < 9 c ) 
Corresponding to the U ( l ) x U ( l ) nature of the problem 
we impose the gauge co n d i t i o n s 
(3-10) 
That i s 
A, - -"SoOC A e = ( 3.Ha) 
fr» ~ © - 9,W (3.Hb) 
whence using the s u b s t i t u t i o n s 
* «""X^, ' ( 3- 1 2 a ) 
3.9c reduces to 
^ V " - - ^ , ( 3 ' 1 3 a ) 
- 21 -
*r>3=W W" (3.13b) 
t h a t i s f = X ( + l > L a n d g = are arbitrary-
ana l y t i c f u n c t i o n s of z = r + i t . 3.9a and 3.9b now 
become 
- r ^ ^ - Y ^ ^ ^ ^ \ - u l X ( e I w i f l % t l w l 3 0 ( 3 . 1 W 
I f n e i t h e r f nor g are zero these may be s i m p l i f i e d by 
making the transformations 
* - s + u 5 r * W i y Wan*tu5(l^0 ( 3 - 1 5 ) 
when they become (i g n o r i n g f o r the time being any 
s i n g u l a r i t i e s introduced by t h i s s u b s t i t u t i o n ) 
V »j = 3e ^ k Z > ) (3.16a) 
V 5 - «. c o s k 2^ (3.16b) 
Unfortunately these equations have proved to be i n -
t r a c t a b l e except f o r the case = 0 when they reduce 
to L i o u v i l l e ' s equation V l £ r e 1^ with the s o l u t i o n 
^ • - U j t t C i - I K I 1 ) " ] ^ - L L ^ I ^ I 2 - (3.17) 
t\ 
where k = ] J f L l i Re(°0 > o ( 3 .18) 
- 22 -
(14) given by Witten. ' To avoid s i n g u l a r i t i e s from the 
transformation 3-15 we r e q u i r e that Idh/dzi = ) f | | g j 
and that log l g / f \ be harmonic. We f u l f i l these require-
ments by choosing 
-T r <* oik <i 1 4 «. coi\sh»*(- (3-19) 
which i s picked to make D^ jtf = 0 at the boundaries and 
because the t o p o l o g i c a l quantum number, as i s shown 
below, does not depend on ^ . 
Returning to the general case we wish to f i n d 
an e x p r e s s i o n f o r the t o p o l o g i c a l quantum number 
I 7~T f>w assuming —* 0 a t the boundaries, f o r 
i f t h i s e so 3-8 t e l l s us th a t 
J - f J V C ? L \ , = i . ( > J K > . \ - » , * . ) (3.20) 
Now d e f i n i n g J = ftQ - i01 = i ( f e w + ge" w) and jf = Jj>Q -
= i i ( g e " w - f e w ) we see that the c o v a r i a n t d e r i v a t i v e s 
may be w r i t t e n as 
0. i = 1 - 6 / 4 (3.21a) 
J J 0 J 
0 j 5 j = 3 j 4 + c A j $ + 9 ^ $ (3.21b) 
which may be solved a t the boundaries to give 
(3-22) 
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so t h a t we have 
- i t N J - O (3-23) 
where N i s the number of zeros and P the number of 
poles of f g enclosed by the contour (the minus s i g n 
c a n c e l s as i n the r , t plane the contour i s c l o c k w i s e ) . 
I n general the form of fg i s determined by the r e q u i r e -
ment t h a t no s i n g u l a r i t i e s r e s u l t from the log t r a n s -
formations needed to deduce 3 « l 6 and the r e f o r e depend 
on t h e i r unknown s o l u t i o n s so we are not able to proceed 
any f u r t h e r . However f o r the s o l u t i o n 3'19 we have fg = 
(dh/dz) independant of «t so the number i s n - 1 , the 
number of zeros of dh/dz i n r>0. 
The question now a r i s e s what e f f e c t does a 
s p e c i f i c choice of ©c have? F i r s t we note t h a t el = 1 
i s indeed Witten's SU(2) s o l u t i o n ^ ^ embedded v i a 3.2 
f o r then $ = 0. L e t od = s e ^ s . j S 6 tR , I f changes 
by £ , £ small, then &i * S $ and so the change 
i n i s given by 
i\ = r t %' T 3 k - « U T „ K -A T f k + ^ T t k ) (3 .2te ) 
f r 
S A 0 •= O (3.2^-b) 
and i t i s e a s i l y v e r i f i e d t h at t h i s i s a gauge t r a n s -
formation generated by - ^ S T ^ Therefore without l o s s 
of g e n e r a l i t y we may assume s ffi s > 0 . L e t s —a s + 2 . 
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T h e n * S = - i % ( P i . e . 
S 4 e = 0 (3.25b) 
Suppose t h i s were a gauge transformation 
generated by V^B. F i r s t "3,3 ^ 0 f o r i f i t were we 
would r e q u i r e \jB, T 2 _ ] = 0 which i m p l i e s B = a ^ + bT 2 
but t h i s w i l l not work f o r 3-25a. R e a l i s i n g t h at B 
does not depend on A 7 , Ag or A t a s these j u s t r o t a t e 
^2'^3k a n ( * ^4k ^-n^° o n e a n o " t h e r we may w r i t e 
IS - *C \ + <lt\%+«!*l\y¥+<*K +**^8 ( 3 , 2 6 ) 
Now 3.25b S ^ e - %\CS ; A„1 •+ = o can be solved 
g i v i n g ac 1 i n terms of cos j A Q d t , s i n f A Q d t , c o s 2 j A 0 d t 
and three a r b i t r a r y f u n c t i o n s of x,p and x^. P u t t i n g 
t h i s s o l u t i o n i n t o 3«25a produces c o n t r a d i c t i o n s , 
showing that s — * s +£ i s not a gauge transformation. 
These f a c t s are mirrored i n the a l t e r n a t i v e 
i n t e r p r e t a t i o n of the theory as a U ( l ) x U ( l ) gauge 
theory with a matrix of Higg's f i e l d s $ acted on by 
gj-j o^U, 0 and U S0(2) ma t r i c e s , so i n f i n i t e s i m a l 
changes are 4~-* 4 + f<4 + 4 & , A and B so (2 ) m a t r i c e s . 
Now /3~»|g+? i s generated by 
) \ - [ ° " * ] 13 - O (3 .2? ) 
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However s—4 s + 2" g i v e s 
% 4 = % (3-28) 
which cannot be produced by any A and B i n s o ( 2 ) . The 
i n v a r i a n t s of j> under 3«5 are t r and det $ 
and s may be expressed i n terms of these. L e t Jdh/dz 
= P - iQ then with m = l / s + s and n = s - l / s we f i n d 
^ A 1 (3.20) 4 --
and p u t t i n g 2w = t r 4 r 4 /det 4 i t can be v e r i f i e d t h a t 
w = (1 +s*' - 1) independant of r and t . 
Hence we have s o l u t i o n s f o r any t o p o l o g i c a l 
quantum number k l a b e l l e d by 2(k + 1) r e a l numbers 
corresponding to the k + 1 complex numbers a- i n 3-18 
and s, a t o t a l of 2k + 3 parameters, i n c o n t r a s t to 
the p r e d i c t i o n of 12k - 8. Thus we expect that f o r 
k = 1 i t must be p o s s i b l e to gauge away one of the para-
meters and f o r higher k 10k - 11 parameters are missing. 
More g e n e r a l l y the a l t e r n a t i v e i n t e r p r e t a t i o n of these 
r e s u l t s i n terms of a U ( l ) x U ( l ) Higg's theory suggests 
that i n v a r i a n t s of the p o t e n t i a l V()6) under the gauge 
group may a l s o be used to s p e c i f y the theory. 
C H A P T E R F O U R 
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SOME PROPERTIES OF SELF-DUAL SU(n) THEORIES 
Turning now to an SU(n) s e l f - d u a l theory, 
we u t i l i s e the £-planes discovered by Yang^-^ to show 
(16) 
the symmetries i m p l i c i t to such a s i t u a t i o n . With 
the d e f i n i t i o n s 
(4.1) 
i t i s e a s i l y v e r i f i e d , using 2y^ z£ = 1. g y y- = g y y = 
g z£ = g- 7 = 1 r e s t zero, that the s e l f - d u a l i t y equation 
reduces to the three matrix equations 
- O (4-.3a) 
p.- ^ O <*-3b) 
4.3a and b may at once be i n t e g r a t e d , enabling us to 
wri t e 
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(1 
A 0 t^) A, r d"' 25 (4.4a) 
€ U A (4.4b) 
As we have introduced complex coordinates the p o t e n t i a l s 
do not now take v a l u e s i n su(n) but i n i t s c o m p l e x i f i c -
a t i o n s l ( n , C ) hence D and E are SL(n,c) m a t r i c e s not 
SU(n) ones. However to ensure that on transforming 
back to r e a l c o o r d i n i e s they l i e i n the c o r r e c t L i e 
algebra the condition 
must be imposed, providing a r e l a t i o n between the 
d e r i v a t i v e s of D and E. 
i s s u f f i c i e n t f o r 4.5 to be true but i t i s not necessary 
a s having imposed i t the transformations 
(4 .5) 




where A and B are SL(n,C) matrices with A dependent on 
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y and z alone and B dependent on y and z alone w i l l 
not change the p o t e n t i a l s as defined "by 4.4 so 4.5 
w i l l s t i l l be t r u e . As such a mapping leaves the 
p o t e n t i a l s and t h e r e f o r e a l l q u a n t i t i e s associated w i t h 
the theory i n v a r i a n t we ignore t h i s p o s s i b i l i t y as 
i r r e l e v a n t t o our purposes and impose 4.6 on the 
generating matrices. 
A p-auffi t r a n s f o r m a t i o n now nnrr-PRTinnHg ±n 
0 —» QU 
U € S U W (4.8) 
However we may extend t h i s and allow U t o be SL(n,C) 
ma t r i x at the r i s k of i n t r o d u c i n g s i n g u l a r i t i e s i n 
the f i e l d strengths and p o t e n t i a l s but not i n such 
gauge i n v a r i a n t objects as the t o p o l o g i c a l quantum 
number or the a c t i o n . 
Using t h i s extended form of the gauge f r e e -
dom the remaining equation 4.3c may now be w r i t t e n i n 
a p a r t i c u l a r l y concise form. Define 
then from 4.6 P i s h e r m i t i a n and of determinant one. 
C l e a r l y from 4.8 P i s gauge i n v a r i a n t . Conversely 
given an h e r m i t i a n P of determinant one which i s 
p o s i t i v e d e f i n i t e i t can be expressed as DD+ where 
det D = 1 uniquely up t o an SU(n) m a t r i x , f o r there 
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e x i s t s a u n i t a r y m a t r i x U d i a g o n a l i s i n g P 
u P u * = ^ U , , , 0 (^.10) 
n 
where the "b. are r e a l and p o s i t i v e w i t h TT t>. = 1. 
1 i = l 1 
'Then l e t 
a - e f t n : ^ ( ^ . i D 
so det d = 1 and 
where det U = e i a . C l e a r l y t h i s gives D = e i a/ nU +d 
which i s unique up t o post m u l t i p l i c a t i o n by a s p e c i a l 
u n i t a r y m a t r i x . 
Now do the gauge t r a n s f o r m a t i o n (a) U = D-"*" 
or (b) U = E - 1. The gauge p o t e n t i a l s then reduce t o 
<a> Au = A , * o par 1 A; r P ?/' (^.13a) 
( b ) A ^ p - ' i f A . * r " > r A. = ^  = o ( i K 1 3 b ) 
and ^.3c becomes 
<a> i C ptf"'*\ 1 - 2 5 p a f " \ = o (*Kl^a) 
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By the h e r m i t i c i t y of P k.lka can be deduced from 
4.l4b by t a k i n g the h e r m i t i a n conjugate so we w i l l 
concentrate on the l a t t e r equation. 
4.14 may be w r i t t e n i n a r e l a t i v i s t i c a l l y 
i n v a r i a n t form using the p r o j e c t i o n operator onto the 
y - z plane £( C + i n J . v t o w r i t e 4.13 as 
Then ( w i t h subscripts on P denoting d i f f e r e n t i a t i o n ) 
+ 9 CP"^)*l - i h ! > I i ( f - f j (4.16a! 
- 32 -
-2^2 L^^)} + ^ T f ^ p ^ ( ^ , l 6 b ) 
The three equations r e s u l t i n g from F^v - P^v = 0 
may now be obtained from the f a c t t h a t F ^ - F^v 
i s a n t i s e l f - d u a l and hence a l l i n f o r m a t i o n about i t i s 
contained i n the equations deduced from c o n t r a c t i n g 
i t w i t h r|Vv a = 1, 2, 3, Performing t h i s we see t h a t 
c o n t r a c t i n g w i t h ^\^° and ^ l / W V give zero and the 
c o n t r a c t i o n w i t h ^3/*v gives 
which i s the desired r e s u l t . The i n v a r i a n t form of 
4.14a can now be obtained by considering a r e a l co-
ordinate frame where r) i s r e a l and t a k i n g h e r m i t i a n 
conjugates t o deduce t h a t 
IC^ + ^ I t 2 f ^ = o (4-18) 
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As mentioned before although we are i n a possibly-
s i n g u l a r gauge the t o p o l o g i c a l quantum number being 
gauge i n v a r i a n t w i l l be non-singular and has a par-
t i c u l a r l y simple expression i n terms of P. 
- i (/"'in a ( f i n ! 
Being able t o express so much so e l e g a n t l y i n terms 
of P i t i s d i s a p p o i n t i n g t h a t there does not appear 
t o e x i s t a Lagrangian v a r i a t i o n of which w i t h respect 
t o the elements of P would give 4.14. To construct a 
Lagrangian i t i s necessary t o work i n a d i f f e r e n t gauge, 
discussion of which we leave t o l a t e r ; f i r s t we enumerate 
the a l g e b r a i c invariances implied by 4.14. 
Let A and B be constant GL(n,C) matrices 
then P —? APB i s an invariance of 4.14. To preserve 
the h e r m i t i c i t y of P and det P = 1 we r e q u i r e B = A + 
and\det A\ = 1. Let det A = e i a , then A = ela/'nA 
where A = e~^a/^nA i s an SL(n,C) m a t r i x . C l e a r l y 
APA = APA so without loss of g e n e r a l i t y we have the 
f o l l o w i n g invariance transformations of P 
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P—» APA + A € SLCn, O (^.20) 
The other obvious invariance of 4.14 i s 
p — 9 (4.21) 
For n = 2 t h i s i s included i n 4.20 being generated by 
o \ 
A — \ __x 0 \ (4.22) 
However i t was pointed out t o the w r i t e r by Dr. D Olive 
t h a t f o r n > 2 the group automorphism 4.21 i s n e c e s s a r i l y 
outer and hence cannot be contained i n the inner auto-
morphism 4.20. 
I n f a c t 4.20 may be extended by l e t t i n g A 
be f u n c t i o n a l l y dependant on y, z alone. For by the 
uniqueness, up t o a gauge dependance, of the decomposi-
t i o n of P i n t o D and E _ 1 = D + 4.20 i s equivalent t o 
A D e~ l - * r ' A * <*-23> 
and as shown p r e v i o u s l y t h i s does not a l t e r the 
p o t e n t i a l s . i n any way provided A i s independant of 
y and z. 
By the same type of arguements 4.21 i s 
equivalent t o 
T _ 
D — 9 0"' G~> — 9 E (4.24) 
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l . e 
E* E" 1—? D*"1 (4.25) 
(* denotes complex c o n j u g a t i o n ) . For SU(2) t h i s i s 
a gauge t r a n s f o r m a t i o n as i t i s included i n 4.23i but 
f o r SU(n) n>2 t h i s i s not t r u e as i f i t were there 
would e x i s t a matrix W(y,E) and U€SU(n) such t h a t 
W(D"J-)rU = D (4.26) 
but t h i s i s not possible as 4.26 i m p l i e s 
E - l = D + = U + E V ( i K 2 ? ) 
so 
P = DE _ 1 = W(P - 1) TW + (4.28) 
which i s f a l s e . 
A l l t h a t can be said of 4.21 i s t h a t i t 
leaves i n v a r i a n t the t o p o l o g i c a l quantum number and 
T 
a c t i o n as can be seen from 4.19 using t r Q = t r Q . 
That t h i s i s the most important t r a n s f o r m a t i o n can 
be guessed at from the f a c t t h a t even f o r SU(2) where 
i t i s e s s e n t i a l l y t r i v i a l i t plays a c r u c i a l r o l e i n 
the c o n s t r u c t i o n of s o l u t i o n s . 
We now wish t o discuss the Lagrangian and 
Backlund-type transformations associated w i t h 4.14. 
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To do t h i s we use the Iwasaro decomnosition of SL(n,C) 
t o choose a p a r t i c u l a r l y important gauge c a l l e d by 
Y a n g w the R gauge. The Iwasaro decomposition maj 
be stated f o r any SL(n,C) matrix D as 
D = LFU (4.29) 
where L i s lower t r i a n g u l a r m a t r i x w i t h ones along the 
diagonal, F i s a r e a l diagonal m a t r i x w i t h det F = 1 
and U i s a SU(n) mat r i x . From 4.6 we have 
E = ( D + ) _ 1 = ( L + ) _ 1 F " 1 U (4.30) 
Hence we may choose a gauge where 
D = LF E 1 = FL + (4.31) 
I n t h i s gauge consider the expression 
= 2jcr\ IP F % F" L1 +. b [ C'lL F ^ V V 1 " 
+ F ^ L 1 " ^ F" 7" 1 ^-32) 3L, 2" 9 j _ + L + 7  ~ i 
Using the p r o p e r t i e s of L and F i t may be v e r i f i e d t h a t 
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v a r i a t i o n of t h i s Lagrangian w i t h respect t o L, F 
and L + y i e l d 4.14. I t i s now cl e a r why no simple 
expression f o r a Lagrangian w i t h a v a r i a t i o n a l p r i n -
c i p l e depending on P exists? i f i t d i d one would 
expect i t t o be i n the gauge used p r e v i o u s l y w i t h 
A- = A- = 0 and i n t h a t gauge 4.32 tends t o zero. 
To construct the Backlund transformations 
we define new coordinates by 
a p = y + z &<i = y - z (4.33a) 
«flp = y + z f l q = y - z (4.33b) 
Then 
^ A . = A y + A z = A - " Az" ^'34a) 
>ftA- = A y + A- { U - = A, - A z (4.34b) 
Hence i n the R gauge a knowledge of A- and A- allows 
us t o construct A p and A^ since the diagonal e n t r i e s 
come only from terms l i k e F _ 1?yF and are thus p e r f e c t 
d i f f e r e n t i a l s enabling us t o construct F. Then the 
f a c t t h a t terms such as F " V ^ y L F are s t r i c t l y lower 
diagonal and terms such as FL +9 ( L + ) - 1 F - 1 are s t r i c t l y 
y 
upper diagonal enable us t o e x t r a c t them from A- and 
A- f o r instance l e a d i n g t o complete expressions f o r 
A and A . 
P <1 
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T r i v i a l l y 
F - + F - = F ~ - F (4.35a) 
pp qq yz yz v ' 
2 V = Fyy + F« + Fy* + V ( 4' 3 5 b ) 
2 f 5 P = -(Fyy + + FyJ + V (" , 3 5 o ) 
Hence equations 4.3 are equivalent t o 
F q p = 0 (4.36a) 
F-- = 0 (4.36b) 
F p- + F q- + 0 (4.36c) 
The idea behind the f o l l o w i n g c o n s t r u c t i o n i s t o 
perform a gauge-type t r a n s f o r m a t i o n of A- and A-
alone and t r y t o set t h i s equal t o an and 
coming from d i f f e r e n t D and E matrices but being i n 
an R gauge. Thus as noted before t h i s i m p l i e s t h a t 
we know what A* and A' are. We are thus l e f t , a f t e r P q 
separating out components of the matrices, d i f f e r e n t i a l 
equations between the elements of D* and E' and D and 
E. To check t h a t they are i n t e g r a b l e equations and 
give a s e l f - d u a l s o l u t i o n i s equivalent t o v e r i f y i n g 
4.3 arid this also t o the set 4.36. As the new diagonal 
element of A± and A^ must again be p e r f e c t d i f f e r e n t i a l s 
i t i s reasonable t o a t l e a s t a t f i r s t work w i t h elements 
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of the permutation group t o ensure t h i s c o n d i t i o n . 
Before presenting our r e s u l t s we give some 
n o t a t i o n . H i s the nxn matrix w i t h elements H^,^ + ^ 
/ ( r ) i f n, H , = 1, a l l other e n t r i e s zero. M ' i s the n i -L 
matrix d i a g ( l ,1,-1,... ,-1) w i t h r ones and n -. r 
minus ones. S = M^n_1^H. HTS = J = d i a g ( - l , l 1 ) . 
THEOREMi Let D and E be generating matrices i n an R 
gauge s a t i s f y i n g 4.3 then D' and EJ also i n an R gauge, 
defined f r o r 
s a t i s f y 4.3 
m F' = HFHT , A- = HA-HT and A-*- = HA-HT a l s o 
p p q q 
Proof; From 4.34 and the d e f i n i t i o n of H i f AJ and 
A- are t o define D* and E 1 we must have 
A^ = SA pS T A^ = SA qS T (4.3?) 
This i s e a s i l y seen as A ' p i j = A q i j * ^ j a n d A p i j ' 
=*Ai^^ f i > j and s i m i l a r l y f o r A^. Hence we need t i 
check 4.3 or e q u i v a l e n t l y 4.36 hold. But 
F w = s V " = ° ( l K 3 8 a ) 





" l V $ J l V A* ]- tTUs ^ ^ i l 
| A %-4A% TO"-3Au 
* C A c -7Ag3j Ai--3A|"o^ (^.39) 
where we have used At-P^A^ * ^ A^A,^ 9^ A^ 
As both JA J - A and JA„J - A, are zero except f o r y y z z 
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the :1,1 t h component ( i / 1) they commute. S i m i l a r l y 
A- - JA-J and A- - JA-J are zero except f o r the 1 , 1 t h 
y y 
( i £ 1) component so they commute. 
We now use 
together w i t h (A_). . = 0 (A-). . = 0 i > j t o 
check t h a t the remainder of 4.39 i s zero by t a k i n g 
the i , j components. 
a) i , j / 1: a l l d i f f e r e n t i a t i o n s vanish and the com-
mutators become 
- A ^ A S i j - f ******* = ° 
- "i d -
- 11A%^ " ^ g . j - ^ i . Ag.j t 2 A g l k A j , k j - A ^ A g , ^ ^ A g ^ 
• • 
' A * u ^ * t A ^ k A ^ - A 4 U A 5 l - + £ A?lk A 4 k j 
c) 1*1 ;=) 
As, using (A-) = -A_ and (A-) = -A„, we have t h a t £ z y y 
the l e f t h a n d side of 4.39 i s skew-hermitian 
d) i = j = 1 : the d e r i v a t i v e terms vanish and the 
commutators are 
- A J J , , A j , , - 2 A g , k A u k , + A g n A y U + Aj,„ Ag„ + 2 f l 5 l k A a k | 
- Agii Ac,,, - A^ H ~ | A ^ A K , + A 4 u + A W l A * „ 
- 43 -
Hence F p- + F^- = 0 Q.E.D. 
There are two ways of i n t e r p r e t i n g the above t r a n s -
formations. F i r s t one can ignore the f a c t t h a t i t i s 
possible t o use them t o define new generating matrices 
and simply look on them as a way of renaming the func-
t i o n s occuring i n the o r i g i n a l D and E. This i s not 
as s i m p l i s t i c an approach as i t at f i r s t appears i 
as we s h a l l see i n the next chapter the ' t Hooft 
s o l u t i o n s f o r SU(2) are most s u c c i n c t l y w r i t t e n using 
t h i s way of changing v a r i a b l e s . 
I f one wishes, however, t o use them t o 
construct new D and E matrices and new p o t e n t i a l s then 
r 
c a l l i n g the t r a n s f o r m a t i o n |3 i t can be seen t h a t p 
does not n e c e s s a r i l y give an SU(n) s o l u t i o n . To show 
t h i s we f i r s t e s t a b l i s h the f o l l o w i n g lemma. 
Lemma: O S J> £ <\- I ^ e * H f ( S T ) P = ttl*"p) 
Proof; I t i s c l e a r l y t r u e f o r p = 1 as i t then reduces 
t o HST = HHV11""1^ = M^n-1^* A s s u m e i - t i s t r u e f o r 
p £ j . Then H j + 1 ( S T ) i i + : L = H(H 5 (S T ) 3 )S T= HM ( n _ j )S T = 
^ ( n - j ^ T ^ n - l ) ^ N q w t a k e t h e i f k t h c o m p o n e n t , 
a) L * r\ 
H v « M £ > , w ; v M ' > = ° Cl«*r»3 M * 
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b) i = n 
Hence " t & ) - n Q aE„D. 
We now prove our previous a s s e r t i o n . F i r s t l e t 
O ^ r ^ n - 1 . The c o n d i t i o n t h a t the p o t e n t i a l s give 
an SU(n-r.n) theory i s (A^. ) + = -M*n~rU^M(n~r*. 
Applying t h i s t o A£ and using ( A - ) + = -A by hypothesis 
we have 
(4.40) 
w i t h a s i m i l a r r e s u l t f o r A£. For r = n M ^ A ' M ^ = 
a P 
Ap so we r e t u r n t o SU(n). Hence we have proved t h a t 
Lemma: I f we s t a r t w i t h SU(n) p o t e n t i a l s and apply 
pr t o them then i f r 5 p mod n, 0 £ p ^  n-1, we 
end up w i t h s e l f - d u a l p o t e n t i a l s f o r an SU(n-p,p) 
theory. 
Although we have not been able t o prove t h a t 
a l l Bfelcklund t r a n s f o r m a t i o n s are generated by H i n t h i s 
manner the r e s u l t seems l i k e l y ; f o r instance f o r n = 3 
one might t r y t o construct a tr a n s f o r m a t i o n based on 
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the t r a n s p o s i t i o n (1,2) but t h i s t u r n s out not t o 
be p o s s i b l e , w i t h s i m i l a r r e s u l t s i n n=4 f o r (1,2) 
(4,3). 
The only relevance of the p,q,p,q coordinate 
system seems t o be t h a t i t i s a d i f f e r e n t p a i r of f&-
planes. However the choice of yet another p a i r does 
not give an e s s e n t i a l l y d i f f e r e n t Ba'cklund traosform-
a t i o n but i s equivalent t o the one defined from 
p,q,p,q combined w i t h an al g e b r a i c transformation, of • 
the type 4.23. 
Now algeb r a i c transformations of the type 
4.20 or e q u i v a l e n t l y 4.23 are gauge transformations 
i n the R gauge formalism f o r s t a r t i n g w i t h D i n any 
gauge there e x i s t s a given by the Iwasaro decom-
p o s i t i o n t a k i n g us t o an R gauge and given AD there 
e x i s t s a t a k i n g us from the same p o t e n t i a l s t o an 
R gauge. Hence s t a r t i n g i n one R gauge U^dJg)"^" takes 
us t o the other. 
For transformations of type 4.21 or 4.24 
these are not gauge transformations between R gauges 
except f o r SU(2). This i s unfortunate as judging 
from the case n = 2 i t would seem t h a t the most im-
po r t a n t t r a n s f o r m a t i o n of the s e l f - d u a l i t y equations 
i s P> composed w i t h 4.21 and, except f o r n = 2, the 
l a t t e r i s not e a s i l y expressible i n terms of the elements 
of D and E i n the necessary gauge and the former i s 
not simply w r i t t e n as equations between P and P'. 
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I n the next chapter we use t h i s composition 
f o r the case n = 2 t o construct s o l u t i o n s of the 
equation 4.3 from the ' t Hooft s o l u t i o n s derived 
i n chapter two. 
C H A P T E R F I V E 
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SELF-DUAL SU(2) THEORIES 
We now apply the r e s u l t s of the previous 
chapter t o the case when the group i s SU(2)^ 1 8^. 
This enables us t o provide an i n d u c t i o n theorem 
which by v i r t u e of the work of A t i y a h and W a r d ^ 
i n a l g e b r a i c geometry constructs a l l s e l f - d u a l SU(2) 
s o l u t i o n s . There remains however the problem of where 
o i i / ^ V i o n ! 1 1 + i r%v\ o o v* a o n m i T o r « o v> nrV> r i + +"r rrs r\ r\ -f* e* A r r i 1 1 n v» n + 
D v-iu-ii uw^.wui.v/::L/ u j.± j . ^ t_i_^»_<..i. U L I I U v>Jij.<J. ^- u Jf i * J — — — ^ w ^ u i _L. V 
e x i s t s . Work needs t o be done on t h i s problem. 
F i r s t we present some n o t a t i o n . Matrices 
D and E~^ " of equations are 
0 = E" 1 - ^ 
3 
(5.D 
so f o r SU(2) s o l u t i o n s we requie f r e a l and 
- e = g* (5-2) 
and the p o t e n t i a l s are 
5a. 
o 











( s u b s c r i p t s on e, f and g denote d i f f e r e n t i a t i o n ) 
The s e l f - d u a l i t y equations 4.3 are now 
For completeness we mention here the a l t e r n a t i v e 
ansatze f o r A^ . given by a Backlund t r a n s f o r m a t i o n 
which gives SU(2) s o l u t i o n s w i t h e,f and g s t i l l 
s a t i s f y i n g 5.4 but w i t h 5.2 replaced by 
e = g* (5.5) 
I t i s 
9S/r - f v 3 V i f 
-fs, 
f 5 ^ i 
- f t 
f v , 
!5.6) 
For t h i s ansatz 5»4 i s not j u s t a consequence of 
F _ + p _ = 0 : 5.4a f o l l o w s from t h i s but 5.4b and yy 
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c r e s u l t from imposing F — = F =0 r e s p e c t i v e l y . 
y^ y ^ 
The important p o i n t i s t h a t i f e and g s a t i s f y e i t h e r 
5-2 or 5-5 we can s t i l l construct a r e a l SU(2) s o l u t i o n 
from them and the i n d u c t i o n we use l a t e r a l t e r n a t e s 
these conjugation r e l a t i o n s because i t uses the 
Backlund tra n s f o r m a t i o n s . 
The al g e b r a i c transformations 4.23i i n c l u d i n g 
-1 T 
as mentioned p r e v i o u s l y P —? (P ) , can be expressed 
i n terms of o. f and g i n the f o l l o w i n g f e r a : 
Lemma : Let 
5 r (5-7) 
be a s o l u t i o n matrix of 5-4, then so i s S' where S' 
= (aS + b) (cS + d ) - 1 i f a, b, c and d are diagonal 
matrices s a t i s f y i n g ad - be = I . 
Proof : by i n s p e c t i o n . 
—1 \T 
I n p a r t i c u l a r P —* (P ) corresponds t o 




The Backlund t r a n s f o r m a t i o n 2 can be expressed as 
- I (5-9a) 
t - I 
-1 (5.9b) 
i r " 1 
3'5 = - f ' \ (5.9c) 
and we note t h a t u n l i k e 5-8, 5«9 does reverse any 
conjugation r e l a t i o n between e and g so e i t h e r t a k i n g 
us from ansatz 5.3 t o 5.6 (and remaining i n SU(2)) or 
stay i n g i n one ansatz and t a k i n g us from SU(2) t o 
S U ( l . l ) . 
The combination of 5«8 w i t h 5«9 w i l l be 
o.runial tr> our main r p s n l t so wp ffivfl it. i n f u l l 
- ' 
below 
We can now prove the f o l l o w i n g theorem : 
Theorem Let & r be a set of 2m-l f i e l d s Jrl ^ m-1 
s a t i s f y i n g 
^ r = - 9 A r + , 3Ar = 9&r+, 6 0 re*l A, - - 6* (5.11) 
3|j 3^ ^9 
so t h a t 0&r = 0. For m = 1 we impose 0&6 = 0. 
Then we have an i n f i n i t e h i e r a r chy of ansatze g i v i n g 
s e l f - d u a l s o l u t i o n s constructed out of kr by the 





(1) i s given by e = f = g = l/A< 
For l e t the mxm matrix be 
r , s 
Ar+s-m-1 and l e t S^m) = D^" 1, then A ( m ) i s given 
by 
Proof s By i n s p e c t i o n A^1^ does indeed provide a 
s o l u t i o n t o 5'4 (namely the known ' t Hooft s o l u t i o n s 
when put i n t o ansatz 5«6). To give an i n d u c t i v e proof 





but by invariance 5«8 i t i s s u f f i c i e n t t o prove 
(5.13) 
provides a s o l u t i o n . As & 0 r e a l and A, = - A - l we 
use ansatz 5>3 and from the d i f f e r e n t i a l r e l a t i o n s 
between & r we have 
(5.14a) 
3* « "fS 95 *% 
(5.1^b) 
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P u t t i n g these i n t o 5.4 reduces them t o 
- p Q - f ^ O (5.15) 
i . e . the ' t Hooft .solutions. 
Assume the r e s u l t i s t r u e f o r m-1. Let 
(e , f ,g) be the f u n c t i o n s associated w i t h a^" 1" 1^ and 
( s , t , u ) be constructed out of S • We aim t o show 
+,VlQ+ f e + 11 ^  or>o rolo+od + r\ (n f rr \ V\ir C T f\ n'nf? '".(", 
a l so provide a s o l u t i o n . Now 
= d ^ r ^ / ^ D ^ (5.16) 
where D^m^ i s the adjugate m a t r i x t o D^ m\ and we have 
used a r e s u l t of Jacobi which s t a t e s t h a t i f Nr ' i s 
an r x r submatrix of M, the adjugate of the nxn m a t r i x 
M, and M^ n - r^ i s the ( n - r ) x ( n - r ) submatrix of M obtained 
by s t r i c k i n g out s i m i l a r l y placed rows and columns i n 
M t o those of i n M then det = (det M ) r " 1 d e t 
M ( n" r ). 
b s ^ W o ^ / J U f c C T 0 (5.17) 
so 
Csu-^t^Vt = (r) eUJbD AUJtO = (5.18) 
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We now use the r e s u l t 
o J v ° » - K V • * = V L ° . * - i - < U » W . i (5.19) 
*»j »S) ^ 
which t o avoid i n t e r r u p t i o n s i n the arguement i s 
proved l a t e r . 5-19 may "be w r i t t e n as 
c ~ /tj.t?f i c o',r"/o : : i«-a t o o 5 - 2 0 * 
But 
S = D,, /-UJt 0 (5-21) 
so 
S/cuS-t*) s 0 h /JbiJrO' = H 0 , , / o . m - i (5-22) 
and 
so 5«19 i m p l i e s 
(5.24) 
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S i m i l a r l y a s l i g h t v a r i a t i o n of 5.19 i m p l i e s 
f IS: * - i F s/W:>fi (5-25) 
9* ?5 L 
and 
and a comparable equation give v i a 
u/lS*-fc x> : H 0 ^ /O;^., (5.27) 
and 
^ . p ^ - o . ( A 0 ( 5 < 2 8 ) 
a C ^ / t w - ^ = - f " l 2 a (5.29a) 
5 5 
& [ ^ U u - ^ / l - (5.29b) 
Hence as ( e , f , g ) are a s o l u t i o n so are ( s , t , u ) . 
Q.E.D. 
To complete the e x p o s i t i o n we prove 5.19 
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and 5«26. As the proofs are s i m i l a r we give a proof 
of 5«26 and only i n d i c a t e t h a t f o r 5«19» Define the 
mxm matrix C ( m^ by = & ^  o- Then 
17 r , s r+s-m-2 
i LCl*° - CC^*"0 (5.30) 
r ^ D - w or:*, - V T ] (5-3i) 
*v\-\ ~i*o , ^ M ? r l M ) (5.32) 
1 r 
Then 5'26 i s equivalent t o proving 
rv^- r ^ j ^ ' . r v ^ . ^ i r 0 (5.33) 
9\ *J) 
Now 




c~2 Wr;° ~C- r>f Wr;' nr 
= c c ^ W W ° + c i ^ V ^ 0 (5-34) 
as claimed. To prove 5«19 we make s i m i l a r manipulations 
i n v o l v i n g the ma t r i x B^m* defined by B ^ = & ^ 
rs r+s-m 
so t h a t 5-19 i s equivalent t o 
?^ 9y 1\ 
where b = det B and proceed as above. 
To i n t e r p r e t the s o l u t i o n s given by the 
theorem we use the work of A t i y a h and Ward^^ and i t s 
(18) 
a n a l y t i c i n t e r p r e t a t i o n due t o Goddard^ ;; the l a t t e r 
shows how t o r e l a t e the claim of the former t o the 
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above ansatze. According t o A t i y a h and Ward each 
ansatze s t a r t i n g from a given A Q preserves the 
t o p o l o g i c a l quantum number k say but increases the 
parameters on which the s o l u t i o n depends u n t i l , f o r 
a given m some (unknown) f u n c t i o n of k, the maximum 
(19) 
number of parameters namely 8k-3 i s reached 7 1 . 
Hence as s o l u t i o n s at the m = 1 l e v e l f o r a l l k are 
known, the ' t Hooft s o l u t i o n s 
(5.36) 
the above c o n s t r u c t i o n provides a l l s e l f - d u a l SU(2) 
s o l u t i o n s . 
We r e c a l l the d e f i n i t i o n of a |2-plane given 
i n chapter one, namely i f and w^  are any displace-
ments i n t h a t plane v^Wy - v^w^ i s a n t i s e l f - d u a l . To 
see A t i y a h and Ward's c o n s t r u c t i o n we must f i n d a way 
of l a b e l l i n g these planes which the authors of r e f e r -
ence 6 do using the Penrose t w i s t b r n o t a t i o n ' . Let 
X be the m a t r i x given by 
9 
(5-37) 
where jr are the P a u l i spin matrices. Then f o r f i x e d 
2-spinors w and ft the equation 
(5.38) 
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determines a J3 -plane. Now l e t 0 stand f o r the 
4-spinor formed by 
0- ( l ) (5-39) 
C l e a r l y $ and X© define the same plane f o r X / 0, 
so ^-planes are l a b e l l e d by p o i n t s i n CP^ * complex 
p r o j e c t i v e 3-space. I f [©] = { >8 : * £ C X * o }• 
i s such a po i n t l e t the corresponding £-plane be jS^-j. 
As explained i n chapter one A t i y a h and Ward p o i n t 
out t h a t i n such a plane the equation 
A* J * * = f 1 ^ Jx" <JXu = 0 (5.40) 
may be i n t e g r a t e d between x,y £ t o give g [ & ^ ( x , y ) 
6 S1(2,C), the c o m p l e x i f i c a t i o n of SU(2), i f A^ i s 
a s e l f - d u a l p o t e n t i a l . Hence over L©3 we can construct 
a two dimensional f i b r e given by 2-spinor f i e l d s 
^ I S j ( x ) defined over Jfc^ and r e l a t e d a t d i f f e r e n t 
p o i n t s of /S^ -j by 
thus a r r i v i n g a t a two dimensional a n a l y t i c vector 
bundle over CPy 
To define coordinates on t h i s bundle i t i s 
necessary t o p i c k an x ^ 6 /Sj-9-j f o r each C©] and 
- 60 -
s p e c i f y the value of ^ ) so determining tJft^x) 
everywhere given g ( x , y ) . However such a choice 
of cannot "be done smoothly; at l e a s t two such 
choices are necessary, say 
( t h.o^ ) 
1C 
CO 1^*0 (5-42b) 
the two coordinate systems being r e l a t e d by the t r a n s -
1 2 
i t i o n f u n c t i o n g( w,u ) = g ^ ( x c ^ . x ^ ) by 
" ^ C x ^ J ( 5 A 3 ) 
g(u>/?C ) d e f i n i n g the isomorphism class of the bundle 
and being homogenous: g( io y n ) = g'C^ «*»-y->Ti). 
^ a r d ( 2 0 ) p o i n t s out t h a t may be regained 
from g( toy TI ) using the f a c t t h a t 
f o r each x £ |3Cgj . So w r i t i n g h(x,"S) = g£©)(xce3 »x) 
and k(x,3) = g ^ - j U ^ .x) where "5 = "^ '/TL,. 
j f x ^ x j = k(oc^) k"Vx,-S) (5-45) 
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h(x,T) being a n a l y t i c away from ? = 0 and k(x,3) 
being a n a l y t i c away from ~5 = °°, f o r f i x e d T. With 
these conditions L i o u v i l l e ' s theorem im p l i e s t h a t 
5.45 uniquely determines h and k up t o a gauge t r a n s -
formation 
k—* kuU; k — S k*U) wv(x)6 SlUl) (5.46) 
From equation 5-40 
k'W^)? f- -3| U ( ^ ) (5.47a) 
= UT'U^jSa. - 5 £ I k U . ^ J (5.47b) 
as (dx)Tt = 0 i s s a t i s f i e d i f dx^ 2 =-^dx^ 1 where 
A^dx^.. = A^dx^. Hence the isomorphism class determines 
the p o t e n t i a l up t o a gauge equivalence. 
Conversely W a r d ^ ^ shows t h a t any g(w,TC) 
homogenous i n i t s v a r i a b l e s w i t h a s u i t a b l e domain of 
a n a l y t i c i t y y i e l d s a s e l f - d u a l p o t e n t i a l provided g 
may be s p l i t up as i n 5«45i as then 5«47a and 5«47b 
f o l l o w from 
0 - ^ = 0 0- = - 3 1 (5.48) 
the l e f t h a n d side of 5*47 coming from L i o u v i l l e ' s 
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theorem. I n reference 6 i t i s argued t h a t i t i s 
s u f f i c i e n t t o take 
r 
3 = 
3 " ttx,5) 
m an in t e g e r (5.^9) 
w i t h p depending on x and ^5 through the v a r i a b l e s 
X-Q"5 + x^ 2 f X 2 l ^ + x 22 a n d ' H e n c e 
D^p = O (5.50) 
I n the same paper the authors argue t h a t the hierarchy 
of ansUtze a r i s i n g from d i f f e r e n t choices of m preserve 
the t o p o l o g i c a l quantum number k but increase the number 
of parameters i n the s o l u t i o n t i l l s a t u r a t i o n i s 
reached f o r some m(k). 
To t i e i n t h i s r e s u l t w i t h the c o n s t r u c t i o n 
(18) 
p r e v i o u s l y given we use the work of Goddard v ' 
presented below. Let 
- fitf = ad - be = 1, and S r e g u l a r as 
fu n c t i o n s of 3T except a t 5 = 0, a, b, c and d r e g u l a r 
as f u n c t i o n s of 5 except at "5 = 00. Then from 5-^5 
and 5-^9 we have 
c = VZ" A x (5.52a) 
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a c V + ^ c * * t>3 +fd - f3 (5.52b) 
From 5-52a we deduce t h a t c and d are polynomials 
of a t most degree m and w r i t e 
cC«,l) - % epfcO:Sr i U ^ ) - 1 (5.53) 
Further as the c o e f f i c i e n t of 5 vanishes i n the 
Laurent series of ac-<v5 and b"3* 0 ^ r < m 5.52b 
i m p l i e s 
o < r < ^ (5.5*0 
the contours e n c i r c l i n g the o r i g i n . L e t t i n g 
ArC>0 - -L <G£S e ( x ^ J - S r (5.55) 
these may be w r i t t e n as 
f c S 6 W - 2 = 0 o < r < A s (5-56) 
5-50 implies t h a t £ r s a t i s f y 
9 i 3 5 * ^ 3 
(5.57) 
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We may express a and b i n terms of c and d 
* ( x . 3 ) = " f . > T % ^ J > ) c C x » (5.58a) 
(5.58b) 
where the contours p o s i t i v e l y e n c i r c l e the o r i g i n i n 
IX) > I SI . Equations 5-56 leave four of the 2m+2 func-
t i o n s c r and d r a r b i t r a r y and the c o n s t r a i n t ad - be 
= 1 reduces t h i s t o t h r e e , m i r r o r i n g the gauge freedom. 
From a,b,c and d s a t i s f y i n g these c o n s t r a i n t s p o t e n t i a l s 
can be constructed from 5«^?a. 
(5-59) 
Goddard shows t h a t (18) 
JD,:*- VJO'C - 4 03* 6 -W0^£« - " U ^ l * . - & ^ \ (5 . 
^x^ 9X', ^ \ 3 x j J 
60a) 
aO-c- C D ; A : < a l 5 ^ - c*w^U -rfo'Swi + c^_, - ^  ^ c ^ 
(5.60b) 
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dOjt-ViD^d - d 0 3 t o - b 0 ^ 0 - 3 | d 0 % . -b e3d 0 - J e ? f e 
9x;, >x;,. »xj, 3x^, 
(5.60c) 
where , |3$ , a„ and b stand f o r the c o e f f i c e n t of 
a S a 
$ 
5 i n the Laurent serie s of <* , p , a and b respect-
i v e l y and may be expressed i n terms of & , c and d 
' s s s 
using equations 5»52b. The c o n s t r a i n t t h a t ad - be 
= - = 1 become 
To recover the previous r e s u l t s we need only t o choose 
the gauge 
c m = d Q = 0 (5.61) 
and 
4 = 4 = * (5.62) 
Then from 5«59 and 5-60 we recover 5.6 w i t h 
e = c 0 d l 8 = cm-l dm ( 5 ' 6 3 ) 
5 . 6 l reduces equations 5«56 t o two sets of m-1 homo-
genous equations i n m unknowns enabling us t o v e r i f y 
t h a t e, f and g are indeed given by the formulae st a t e d 
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i n the previous theorem, p r o v i d i n g the necessary l i n k -
up enabling us t o claim t h a t the a n a l y t i c method 
provides a l l s o l u t i o n s from the ' t Hooft s o l u t i o n s 
a t the m = 1 l e v e l . 
The f a c t t h a t the m = 2 ansatz merely r e -
produces these i s an accident due t o the use of 5.8 : 
f o r m>2 t h i s invariance obviously cannot be used t o 
reduce the non-linear dependance of ( e , f , g ) on the 
- • ' ' - ••J.i-W-i— t ' . - U i 
We should mention here t h a t the e x p l i c i t 
(2) 
form f o r A given i n reference 6 i s i n c o r r e c t : 
i n stead of using ansatz 5«3 those authors used 5«6 so 
t h e i r form f o r A^ gives SU(1,1) s o l u t i o n s . I f we 
t h i n k of A 0 and as being the components of 
an a n t i s e l f - d u a l Maxwell f i e l d 9^ *v given by 
^ 5 c (5.64) 
by -
then A„. = iiAj-j <r. can be w r i t t e n 
A i r £: 2L ? (5.65) 7* 
where <^ 1 = f£v or, a f t e r doing a gauge t r a n s f o r m a t i o n 
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t o get t o 5.13 
where 
K 3 * % \ 
and 
I**J* = " ^ 5 ^ r e a l ( 5 ' 6 9 ) 
(5.66) 
* r * * ^ V ^ - ^ ^ n ^ ( 5 - 6 7 ) 
1 J '1 '3 
. - o ^ V , s - ^ o A O V < J ( 5 - 6 8 ) 
*3 " 1j ^ 1 
The r e a l i t y conditions on 0 ^ are, from 5-6^, 
The f i r s t order p a r t i a l d i f f e r e n t i a l equations 
s a t i s f i e d by ^ namely r e l a t i o n s 5 - H i imply 
• & r = o (5.70) 
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I n general t h i s cannot be s a t i s f i e d w i t hout e i t h e r 
& r not tending t o zero at i n f i n i t y or a source on 
the l e f t h a n d - s i d e of 5.70 i . e . &r and t h e r e f o r e 
w i l l have a set of s i n g u l a r i t y p o i n t s . What t h i s im-
p l i e s about the s i n g u l a r i t y s t r u c t u r e of or F^v, 
i s not apparent and needs f u r t h e r i n v e s t i g a t i o n . For 
m - 1 F^v i c ncn -singular and hence also f o r m - 2 
as we have shown t h a t t h i s i s a r e p i t i t i o n of the 
former. Reference 6 claim, from a l g e b r a i c geometric 
considerations, t h a t the can always, by a s u i t a b l e 
choice of gauge, be w r i t t e n as r a t i o n a l f u n c t i o n s w i t h 
poles l y i n g on a hypersurface l a b e l l e d by a polynomial 
of degree equal t o the i n s t a n t o n number i n CP^. Un-
f o r t u n a t e l y the only case they consider i n d e t a i l i s 
the m = 2 ansatz f o r S U ( l , l ) . Hence the exact nature 
of the s i n g u l a r i t y s t r u c t u r e f o r non-'t H o o f t - l i k e 
s o l u t i o n s remains an open problem, and the above con-
s t r u c t i o n while i n p r i n c i p l e g i v i n g a l l s o l u t i o n s i n 
p r a c t i c e i s so te d i o u s , i n v o l v i n g the i n v e r s i o n of an 
mxm ma t r i x , as t o be of l i t t l e help i n t h i s problem. 
Perhaps the a l t e r n a t i v e method of s o l u t i o n of the 
(21)(22) 
theory* reducing i t t o a non-linear a l g e b r a i c 
problem as opposed t o a non-linear d i f f e r e n t i a l one 
w i l l cast l i g h t on the s t r u c t u r e of s i n g u l a r i t i e s , 
though again the only s o l u t i o n s t h a t have been found 
so f a r are the ' t Hooft ones. 
C H A P T E R S I X 
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CONCLUSION 
A f t e r t h e i r i n i t i a l i n t r o d u c t i o n ' K ' gauge 
t h e o r i e s s u f f e r e d a long p e r i o d of neglect by t h e o r e t i c a l 
p h y s i c i s t s p a r t l y because of the d i f f i c u l t y of t h e i r non-
l i n e a r i t y and p a r t l y due t o the f a c t t h a t because of 
t h i s p r o perty i t was d i f f i c u l t t o conceive of a quant-
i z a t i o n scheme. With the i n t r o d u c t i o n of the path i n t e r -
g r a l method the l a t t e r problem showed signs of e v e n t u a l l y 
being solved and the former was s i m p l i f i e d by the new 
emphasis on s e l f - d u a l s o l u t i o n s i n Euclidean space. 
Gauge t h e o r i e s also recovered p o p u l a r i t y w i t h 
the i n c r e a s i n g b e l i e f i n the dogma t h a t quantum chromo-
dynamics would e x p l a i n everything and i t was f o r t u n a t e 
t h a t t h i s upsurge i n i n t e r e s t among t h e o r e t i c a l p h y s i c i s t s 
coincided w i t h a burst of a c t i v i t y on the p a r t of such 
pure mathematicians as A t i y a h , Ward, D r i n f e l d and Manin 
which helped t o solve, at l e a s t f o r some of the simpler 
types of t h e o r i e s , the Yang-Mills equations. Using the 
methods of al g e b r a i c geometry and vector bundle theory a 
d i f f i c u l t , second order, non-linear set of d i f f e r e n t i a l 
equations were reduced t o a solvable set of f i r s t order 
equations f o r the case of SU(2) p r o v i d i n g the set of 
s e l f - d u a l s o l u t i o n s presented i n chapter f i v e . 
Whether, v i a the s i m i l a r i t i e s between the 
t h e o r i e s e x h i b i t e d i n chapter f o u r , such techniques can 
be a p p l i e d t o general SU(n) s e l f - d u a l t h e o r i e s t o produce 
a complete s o l u t i o n t o t h a t problem i s an open question : 
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as explained i n chapter f o u r the d i f f i c u l t y seems t o 
l i e i n the f a c t t h a t the most important a l g e b r a i c i n -
-1 T 
variance P — 9 (P ) i s not e a s i l y w r i t t e n i n terms of 
D and E matrices i n an R gauge so being d i f f i c u l t t o 
combine w i t h the Backlund transformations t o produce 
an i n d u c t i v e type proof of an i n f i n i t e sequence of 
ansatze as given i n chapter f i v e f o r 3U(2). Perhaps a 
more f r u i t f u l approach would be t o use the SU(2) embedd-
(13) 
i n g theorems of Bernard et a l . J ' and then use the 
various transformations presented i n t h i s t h e s i s t o 
generate the r e q u i r e d parameters; c e r t a i n l y more work 
needs t o be done both on t h i s aspect of the theory and 
on the s i n g u l a r i t y problem f o r the SU(2) s o l u t i o n . 
Later p a p e r s ^ 2 1 ^ 2 2 ^ have used s i m i l a r 
a l g e b r a i c geometric techniques t o reduce the s e l f - d u a l 
problem from a d i f f e r e n t i a l one t o a l i n e a r algebra 
problem but w i t h the matrices s a t i s f y i n g non-linear con-
s t r a i n t s . So f a r the i m p o s i t i o n of these c o n s t r a i n t s 
have proved i n t r a c t a b l e and only the ' t Hooft type 
s o l u t i o n s have been cast i n t h i s mould though using 
t h i s approach i t has proved possible t o construct a Green's 
(22) 
f u n c t i o n f o r the theory. ' 
(2M 
Recent work by W i t t e n suggests t h a t geo-
metric language may be used t o cast i;the complete Yang-
M i l l s theory, not j u s t the s e l f - d u a l problem, i n t o a 
question of the c o n s t r u c t i o n of f i b r e bundles over CP^ x 
CP^ though the algebra now has t o be extended t o a super-
symmetric one. This r a i s e s such problems as what i s 
- 72 -
meant by a graded Lie group and the p r i n c i p a l f i b r e 
bundle constructed therefrom, not t o mention the meaning 
of a connection on such an object together w i t h i t s 
r e s u l t i n g curvature. While ad hoc l o c a l methods can 
be used t o p o i n t the way t o a f u t u r e r i g o r o u s theory J 
i t i s not immediately c l e a r , t o the author a t l e a s t , how 
on© would, set up such an extension of c l a s s i c a l f i b r e 
bundle theory t o handle such graded Lie algebras. 
ant questions remain t o be answered the f r u i t f u l co-
operation of t h e o r e t i c a l physics and pure mathematics 
has so f a r cast new l i g h t on gauge t h e o r i e s enabling 
t h e i r complete s o l u t i o n i n a d m i t t e d l y r e s t r i c t e d circum-
stances and p r o v i d i n g hope t h a t what was once thought t o 
be an i n t r a c t a b l e problem may i n f u t u r e be seen t o be 
one t h a t , though hard, i s capable of s o l u t i o n . 
APPENDIX 
Euclidean, four dimensional space-time i s 
given by (x^x^.Xg ,x^) w i t h metric t ensor • The 
coordinate system (y,y,z,z) i s also used w i t h 
fty = x Q - i x ^ Siy = x Q + i x ^ (A.la) 
>Ja. z = x 2 - ix-j^ z = x 2 + ix.^ (A.lb) 
when the metric tensor i s 
^yy ^yy ^zz ^zz "^ 
a l l other components zero (A.2) 
I n a l l chapters except three the curvature tensor F^ v 
i s defined from the p o t e n t i a l s A^*. by 
f > v ^ £A . - - Za A v l (A.3) 
w i t h gauge transformations 
f o l l o w i n g Yang's c o n v e n t i o n s ^ ) * 
I n chapter three we f o l l o w Witten's convention^ 
as the work i s based on h i s . 
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w i t h gauge transformations being 
The ant i s e l f -dual tensors r ] f < p can be 
defined i n the ( x n x v x 9 , x ^ ) reference frame by 
~ o^a-ykAff- + S^a S<ro - (A.7) 
(23) 
and s a t i s f y the relations'' 
i;«r^ = VV*" V^*- S v ^ w . (A. 8a) 
(A.8b) 
**V,e loiter ~ 1cyAV 9 k < r " 3 k v + "W^v 
(A.8c) 
h * , s s 2 v)* ck + * - < • a (A.8d) 
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